An approach for quick estimation of maximum height of capillary rise  by Liu, Qiang et al.
H O S T E D  B Y The Japanese Geotechnical Society
Soils and Foundations
Soils and Foundations 2014;54(6):1241–1245http://d
0038-0
nCor
Peerx.doi.org/
806/& 201
respondin
review un.sciencedirect.com
e: www.elsevier.com/locate/sandfwww
journal homepagAn approach for quick estimation of maximum height of capillary rise
Qiang Liua,n, Noriyuki Yasufukub, Jiali Miaoa, Jiaguo Rena
aCollege of Earth Science and Engineering, Shandong University of Science and Technology, Room No. J6-340, 579 Qianwangang Road,
Economic-Technological Development Area, Qingdao 266590, Shandong Province, PR China
bDepartment of Civil Engineering, Faculty of Engineering, Kyushu University, Room No. 1108-2, West Building No. 2, 744, Motooka,
Nishi Ku, Fukuoka 819-0395, Japan
Received 26 December 2013; received in revised form 28 August 2014; accepted 12 September 2014
Available online 18 December 2014Abstract
A new solution was developed for quickly and easily estimating the maximum height of capillary rise. The solution is theoretically based and
all the parameters are easily obtained. The results obtained by the solution are compared with a series of experimental data from open-tube
capillary rise tests. The solution gives more realistic and accurate predictions for the maximum height of capillary rise than previously proposed
equations.
& 2014 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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During the past 5 years, the authors have been working on
the development of a technique which utilizes ground water to
rehabilitate desertiﬁcation area (Liu et al., 2013; Yasufuku
et al., 2012). One of the preconditions for using the technique
is that the maximum height of capillary rise is needed.
The capillarity of water in the ground due to surface tension
is a common phenomenon in nature. It refers to water that
exists at an elevation higher than the groundwater level. It is an
important effect, which can enhance frozen soil and the
sedimentation of buildings, and when it contains erosive ions,
the capillary water can result in damage to both concrete and
steel. It can also drive sap into plants, bring landﬁll leachate
back to the ground surface, and inﬂuence the depth of frozen
soil. A basic understanding of the capillary phenomena was10.1016/j.sandf.2014.11.017
4 The Japanese Geotechnical Society. Production and hosting by
g author.
der responsibility of The Japanese Geotechnical Society.reported almost one century ago. The equation developed by
Washburn (1921) has been used ever since as the basis for
describing the capillary phenomenon.
Three fundamental physical characteristics related to capillary
rise are of prime practical concern: (1) the maximum capillary
rise, (2) the storage capacity of capillary rise (Liu et al., 2012),
and (3) the rate of capillary rise, which is decided by the
unsaturated hydraulic conductivity (Gallage et al., 2013).
Real soil is comprised of a range of different particle sizes
with complex packing and geometric characteristics. Analyti-
cally evaluating the height of capillary rise is quite difﬁcult.
Therefore, a series of empirical equations was developed to
relate the height of capillary rise to some index properties of
soil. These index properties included the effective grain size,
the void ratio or air-entry head and pore size distribution.
Open-tube tests (Lane et al., 1946) on cohesionless soils
ranging from gravel to silt indicate reasonable agreement
between the measured capillary rise and the values predicted
by Terzaghi's equation. The results indicate that the maximumElsevier B.V. All rights reserved.
Fig. 1. Capillary water distribution of sandy soil.
Q. Liu et al. / Soils and Foundations 54 (2014) 1241–12451242height of capillary rise may be described by a linear function of
the natural logarithm of effective grain size, D10, as
hc mmð Þ ¼ 990 ln D101540 ð1Þ
where, D10 ranges from 0.006 to 0.2 mm. Peck et al. (1974)
proposed an empirical relationship to relate the height of
capillary rise to an inverse function of the product of void
ratio, e, and the effective grain size, D10, as
hc mmð Þ ¼ CeD10
ð2Þ
where, C is a constant varying between 10 and 50 mm2
depending on surface impurities and grain shape. This equation
indicates that for a soil, the maximum height of the capillary
rise will be higher when the soil is in a denser rather than
looser condition. On the other hand, for different soils, a soil
with ﬁner grain will give a higher maximum capillary rise
compared with a soil with coarser grains. Eqs. (1) and (2)
indicate that effective grain size may describe the narrowest
continue pore in soil specimen.
Kumar and Malik (1990) suggested that the difference
between the maximum height of capillary rise and the height
of the capillary fringe could be described as
hc ¼ haþ134:845:16
ﬃﬃ
r
p ð3Þ
where, hc is the maximum capillary rise in centimeters, ha is the
height of capillary fringe or air entry height, in centimeters.
Capillary fringe is the saturated zone from the water table to the
air entry head, r is the equivalent pore radius in micrometers. This
equation indicates that the difference between the maximum height
of capillary rise and the height of capillary fringe varies with the
texture of the soil. The coarser the texture of the soil, the less
difference there is between the two. As mentioned above, all three
methods can be used to predict the maximum height of capillary
rise, however, two have poor accuracy, and the other is not easy to
use since the parameter is difﬁcult to obtain.
Lu and Likos (2004) summarized the results obtained by
Kumar and Malik (1990), Lane et al. (1946), Malik et al.
(1984) and Malik et al. (1989) from the laboratory test of
capillary rise and showed an empirical relationship between
the air entry head and maximum height of capillary rise. The
ratio hc/ha varies from 2 to 5 with a few exceptions.
2. Theoretical development
The driving head of capillary rise is assumed to be the
hydraulic gradient between the wetting front and maximum
height of capillary rise. It can be written as follows:
i¼ hcz
z
ð4Þ
where, hc is the maximum height of capillary rise and z is the
elevation of the wetting front above the water table. As shown
in Fig. 1, the soil proﬁle in ground can be separated into two
distinct primary zones by air entry head, ha. One is the
saturated zone, located below the air entry head and the other
is the unsaturated zone, located above the air entry head. The
water level separates the saturated zone into two secondaryzones: one is located below the water level, where the pore
water pressure is positive; and the other is located between the
air entry head and the water level, where the pore water
pressure is negative with respect to atmospheric pressure. The
unsaturated zone can also be separated into two secondary
zones by the capillary rise, hc. One zone is located below hc,
where the water content dramatically decreases with increasing
elevation, and the other zone is located above hc, where there
is no obvious tendency for changes in the water content with
respect to elevation. In the unsaturated zone, the capillary rise
path is non-uniformly distributed to a maximum height hc.
The characteristic of hydraulic conductivity with respect to
the degree of saturation or suction in unsaturated soils has been
the focus of much experimental and theoretical research due to
its nonlinear characteristic. By the time the wetting front moves
towards hc, above the air entry head, the reduction of hydraulic
conductivity, together with the reduction in the driving force
leads to a signiﬁcant decrease in the speed of the capillary rise.
Numerous mathematical models for describing unsaturated
hydraulic conductivity have been developed. These models are
used to describe the nonlinear relationship between hydraulic
conductivity with suction. It can be generalized as follows:
k¼ ksf zð Þ ð5Þ
where, k is unsaturated hydraulic conductivity, ks is saturated
hydraulic conductivity, z is negative water head, and f is the
mathematical model. Substituting Eq. (5) into Eq. (4), the
governing equation for the velocity of capillary rise can be
written as follows:
dz
dt
¼ ksf zð Þ
n
hcz
z
ð6Þ
where, n is the porosity of soil, hc is the maximum height of
capillary rise.
Poiseuille's law was experimentally derived by Jean Léonard
Marie Poiseuille in 1838. It can solve the water ﬂow problem
assuming that the ﬂuid is incompressible and Newtonian, the
ﬂow is laminar through a long pipe (longer than its diameter),
and there is no acceleration of ﬂuid. According to Poiseuille's
law
dV
dt
¼ πr
4
8η
ΔP
z
ð7Þ
Fig. 2. Performance of the proposed solution for different parameters.
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medium during a time interval dt at height, z under a pressure
difference ΔP, when water ﬂowing through a cylindrical pipe,
and η (Pa s) is the viscosity of water. The pressure difference
as driving force of the capillary rise up to a certain height z is
ΔP¼ 2σ cos α
r
ρwgz ð8Þ
where σ is the surface tension of water, α is the advancing
contact angle, ρw is the density of water, g is the gravity
acceleration, and r is the equivalent radius of capillary tube.
Substituting Eq. (8) into Eq.(7), the velocity of capillary rise
can be written as follows:
dz
dt
¼ rσ cos α
4η
1
z
 ρwgr
2
8η
ð9Þ
According to the deﬁnition of hydraulic conductivity and
Poiseuille's law, the hydraulic conductivity can be written as
follows:
k¼ ρwgr
2
8η
ð10Þ
Both Eqs. (6) and (9) can be used to describe the velocity of
capillary rise. Therefore, maximum height hc can be written as
follows:
hc ¼ σn4ηks
r cos α
f zð Þ þ 1
ρwgn
8ηks
r2
f zð Þ
 
z ð11Þ
A special condition is considered, when the wetting front, z,
equals to air entry head, ha. Substituting Eq. (10) into Eq. (11),then Eq. (12) is obtained.
hc ¼
σnﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ηρwgks
p cos αþ 1nð Þha ð12Þ
Eq. (9) can be plotted on a graph with air entry head on the
abscissa axis and ultimate capillary height on the ordinate axis.
The straight line has a slope value of (1n) or ((1þe)1), an
intercept at the ordinate given by (σn cos α/(2ηρwgks)
1/2).
Fig. 2 shows the parametric study results of new solution for
maximum capillary rise (Eq. (12)). Fig. 2(a) and (b) shows the
relationship between the maximum height of capillary rise and
contact angle for different conditions. When the air entry head,
ha is different, the curves are parallel to each other. Fig. 2(c)
shows the relationship between the ratio, hc/ha and the contact
angle. It can provide an easy way to evaluate the maximum
height of capillary rise when the air entry head is known, it
also shows that the ratio hc/ha is a variable, and also that it is a
function of soil parameters such as saturated hydraulic con-
ductivity and porosity.3. Experimental veriﬁcation
To obtain the maximum capillary rise using Eq. (12), four
parameters are needed: the contact angle, α, the air entry
height, ha, porosity, n, and saturated hydraulic conductivity, ks.
The procedure to determine the maximum capillary rise is
summarized in Fig. 3.
Among those parameters, porosity can be calculated through
routine laboratory tests. The saturated hydraulic conductivity
can be obtained from a permeability test. Since the hydraulic
Q. Liu et al. / Soils and Foundations 54 (2014) 1241–12451244conductivity varies from place by place on real sites, the test
results by sampling undisturbed soil samples only represent a
certain area, and not the overall distribution of the hydraulic
conductivity. Many in-situ tests can also provide results, but
they provide an average value of the ﬁnite tested ground. The air
entry height can be determined from the open-tube capillary test
within several hours or at most, 2 or 3 days. The contact angle
was deﬁned as the angle at which a liquid/vapor interface meets
the solid surface. While it is known that the contact angleFig. 3. Flowchart of determination of maximum capillary rise.
Fig. 4. Rate of capillary rise of water into dry k-7 sand.
Table 1
Parameters for verifying the proposed methodn.
No. Soil name Classiﬁcation
Authors
1 k-7 Sand
Malik et al. (1989) 2 Ludas Sand
Malik et al. (1984) nn 3 GB 53–63 μm
4 74–88 μm
5 105–125 μm
6 Rawalwas Sand
7 Bhiwani Sand
8 Rewari Sand
9 Yamuna Sand
Kumar and Malik (1990) 10 Rewari Loamy sand
11 Tohana Loamy sand
12 Hissar Loamy sand
13 Rewari Sandy loam
14 Barwala Sandy loam
15 Rohtak Sandy loam
16 Hissar Sandy loam
17 Hansi Clay loam
18 Ambala Silty clay loam
nThe value of σ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ηρwg
p
equals to 0.164 (m3/2 s1/2 ) at 20 1C. hc (cal) Calcu
nnDue to the limited experiment time, the maximum height of capillary rise mabetween a water drop and a lotus leaf surface is approximately
1471, it is almost impossible to obtain a highly quantitative
measurement of soil particles, due to the difﬁculty of eliminating
factors that inﬂuence the wettability of real grain surfaces, such
as surface roughness and chemical heterogeneity. Therefore,
indirect methods or semi-quantitative methods like the capillary
rise method (CRM), the sessile drop method (SDM), and the
wilhelmy plate method (WPM) are often applied to describe the
soil wetting behavior with sufﬁcient reproducibility (Bachmann
et al., 2002). Various values of contact angle can be found in the
references. For the drying process, the contact angle was
commonly considered to be equal to 01 (Aubertin et al., 1998;
Fredlund et al., 2002), while during the wetting process, the
contact angle will be much larger. In the case of quartz sand, the
contact angle during wetting process was reported at 301, and,
based on the test results of CRM; this angle will be 611 for sand
(Ramírez-Flores et al., 2008).
The methods mentioned above required professional equip-
ment, and the test procedures are sensitive and not so easy to
conduct. Therefore, the value of the contact angle used in this
study was determined independently by the dynamic capillary
rise method (Emerson and Bond, 1963). This method requires
only about 15 min of a positive head driven water ﬂow into an
untreated and ignited (using mufﬂe furnace to ignite the soil at
500 1C) porous medium. Capillary rise experiments were con-
ducted using an acrylic acid resin column with a 2 cm inner
diameter in laboratory at room temperature (2072 1C) in k-7
soil. This k-7 soil is a kind of commercial available ﬁne sand,
with a maximum dry density, ρd max, of 1.58 g/cm
3, a speciﬁc
gravity, Gs of 2.67, a minimum void ratio, emin of 0.689, an
effective grain size, D10, of 0.06 mm, a uniformity coefﬁcient, Cu
of 3.6 and a curvature coefﬁcient, Cc of 1.3. The k-7 soil was
uniformly packed in an air-dry condition. The rise of the wettingks α n ha hc(cal) h0c (exp)
 10–3 cm/s deg. cm cm cm
1.5 53.3 0.408 15.0 112.4 130.0
4.5 50.0 0.484 29.1 91.3 72.1
1.12 72.5 0.400 24.1 73.4 44.6
2.92 76.1 0.400 13.0 37.0 28.4
10.0 74.9 0.400 9.0 22.5 19.9
4.4 35.9 0.450 29.6 106.6 77.5
4.0 35.9 0.410 27.6 102.6 65.6
4.3 48.7 0.450 29.4 90.6 60.9
8.89 52.4 0.400 22.2 55.9 34.1
0.92 60.0 0.489 50.5 158.3 169.4
0.54 57.3 0.480 37.4 202.8 117.0
0.55 59.3 0.473 37.5 188.9 149.4
0.74 65.8 0.491 59.7 152.1 176.8
0.26 73.7 0.484 41.2 158.4 158.4
0.12 77.9 0.502 48.7 181.2 155.7
0.11 74.9 0.498 47.7 223.3 174.5
0.15 79.1 0.560 29.6 155.4 127.5
0.05 84.8 0.599 15.0 132.6 141.5
lated results. h0c (exp) Experimental results.
y be smaller than the true value.
Fig. 5. Comparison of maximum height of capillary rise between predicted
and experimented.
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allowing the wetting front to rise up to a height of 15 cm in a
100 cm long column at an equal interval of time. The wetting
front velocity at a certain elevation was estimated by the
interpolation method and a differential method.
Fig. 4 shows the test result of k-7 sand using the method
mentioned above. It shows the relationship between the rate of
capillary rise, dh/dt, and reciprocal of height, 1/h. According to
the method, the ratio between the intercepts in the horizontal
axis of each linear regression line is equal to the ratio of cosine
of the contact angles. The natural sand actually gave a
capillary rise of 62.5 cm, whereas the ignited sand gave a
capillary rise of 37.0 cm. Assuming the contact angle was zero
for the ignited sand, the contact angle for the original sand was
calculated to be 53.31.
The capillary rise results obtained from several researchers
(Kumar and Malik, 1990; Malik et al., 1984, 1989) including
the authors' are summarized in Table 1. Based on the results,
Fig. 5 shows the comparison of maximum predicted capillary
heights with experimental ones. The samples range from sandy
to silty soils. On the average, the predicted value is about 1.2
times of experimental results.
4. Conclusions
A new method for estimating the maximum height of
capillary rise is proposed. Comparing with empirical methods,
each parameter in the new proposed method has a clear
physical meaning and can be obtained easily in the laboratory.
The maximum height of capillary rise can be determined by
using the contact angle, dry density, speciﬁc gravity, saturated
hydraulic conductivity and air entry height. The proposed
method is easy to use and is time saving for predicting the
expected maximum height of capillary rise from the initial
condition in a short period of time. Further, the veriﬁcation
results showed that the test results are about 83% of the
predicted results.Acknowledgment
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